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ABSTRACT. A homotopy fibration is established relating the Volodin or BN-
pair definition of algebraic K-theory to the theory defined by Quillen.
In [2] we outlined the construction of natural homomorphisms

K@ K2V kY - KFY

between higher algebraic K-theories K2 of [10] and [11], k2N of [17], kY of
[16), and KX¥ of [7] and [8]. This was one of the steps in proving the various
definitions of higher K-theory are equivalent. It turns out they all agree—
including the theory K$ of [14), [5], and [8}-provided one restricts to the
category of regular rings when using KXV See [1], [2}, (5], [8] and [18]. The
purpose of this paper is to prove the following theorem, announced in [2],
which yields the construction of X2 — K2V,
THEOREM. For any associative ring with identity A

GL*™(4) - B(U;)" - BGL(4)*

is a homotopy fibration.

For the reader’s convenience and because the presentation of the BN-pair
K-theory K2V used here is slightly different from that of [17], we shall briefly
recall the definition of GL?" and B{Uj} in the first section.

1. Preliminaries. Let {H,} be the collection of hyperplanes in n-dimensional
euclidean space R" given by the condition a« = 0 where a = ¢, — €, i % j, is
a linear root. Here ¢, is the ith coordinate function. This determines a
stratification of R" whose strata F we call facettes as in [3]. By definition a
facette of codimension k is a component of the complement in the union of
the k-fold intersections of the H, of the subset consisting of the union of the
(k + 1)-fold intersections. Let P” be the set of facettes of R" partially ordered
by the condition that F < G iff F C G. We shall also let P" denote the
simplicial complex whose k-simplices are (k + 1)-tuples (Fy < -+ < R)
where F, € P". P" is a piecewise linear triangulation of the standard (n — 1)-
simplex. The stabilization map R" — R™*! defined by

Received by the editors December 15, 1975.
AMS (MOS) subject classifications (1970). Primary 18F25, 18G30, S5F35.
Key words and phrases. Comparison of K-theories.
(%) Partially supported by NSF Grant GP-43843X,
© American Mathematical Socicty 1977

209



210 D. ANDERSON, M. KAROUBI AND J. WAGONER

¥ Koo e er20) = (8ps s X Xy)

takes each facette F to a facette F’ and preserves the relation “<”. Thus we
can consider P" as a subset (or subcomplex) of P"*! and we let P® = U, P".
If F € P, let Uz C GL(n,A) be the subgroup generated by the elementary
matrices e;(A) where ¢; — ¢, > 0 on F and A € A. Note that if F € P* lies
in P", then Up C GL(oo,Aﬁ is the direct limit Up = Up, = Ugw =+ .

Now for 1 € n < oo let B, be the realization of the simplicial space which
in dimension k > O is the disjoint union of the spaces (F <+ < F,)
X BUp, where F € P". Then B, = lim,, B, and by definition we let

n—>0

B{Uy} = B, . The inclusions BUr C BGL(n,A) induce a map
B, - BGL(n, d)

for 1 € n< . Recall from [2] that = B{U;} = St(4) and = B{Ug}
— m BE(A) is just St(4) = E(4).
If a - Upand B - Uj; are two left cosets in GL(n, A) define

a‘UF<B'UG

tomean F < Gand a - Up C B Uz. For2 € n € o define G, (resp. E,) to
be the simplicial complex where k-simplices are (k + 1)-tuples

(@ Up, <+ < e+ Up)

where £, € P" and a; € GL(n, A), respectively a; € E(n,A) = the subgroup
of elementary metrices. We have G, = indlim, G, and E_ = indlim, E, and
by definition we set

GLP¥(4) = G, and EB¥(4) = E_,.

The group GL(n,A) acts on G, by left multiplication: a - (ap* Ug <:-*
< e+ Ug) = (aag - Up, <+ < aay - Ug) and this restricts to an action of

E(n,A) on E, Moreover, mGL®¥(4) = K (4) and GLB¥(4) = K (4)
X EBN(4). See [17].
Now let G = E(4) and define E{a - Ug} to be the pullback of the diagram

R

| T
I

¥
B{Ug} ——]-—P BG
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Here we let EG be the realization of the simplicial set whose k-simplices are
(k + 1)-tuples (gg, . . . ,&)- The universal principal G-bundle =: EG — BG is
defined by

(8o -+ 8k) = (85 ' 81> -+ » 851 8k)-

See [2]. Let E(a - Ug) C EG denote the contractible subcomplex whose k-
simplices are those (k + 1)-tuples for which g, € a - Upfor 0 € i < k. Then
E{a - Ug} is the realization of the simplicial space which in dimension k > 0
is the disjoint union of the spaces

(ao'UI;b<"’<ak'U’i)XE(ao’Ul,a)

where E € P*. Hence by [10, Lemma for Theorem B] the natural map
E{a- Ug} - EBN(4) is a homotopy equivalence. Since EG is contractible the
“nine-lemma” [15] implies

E{a - Up} > B{Ug} - BG
is a homotopy fibration and so
EB®¥(4) - B{U;} - BG

is a homotopy fibration. Similarly letting G = GL(A) there is a homotopy
fibration

GLPN(4) > B{U;} —» BGL(A).

We must show this remains a fibration when the “plus-construction” is
performed on the second and third spaces. Since the universal cover of
BGL(A)" is BE(4)* and since m BGL(4)" = K,(4), to prove the main
theorem it suffices to prove

THEOREM 1. For any associative ring with identity A
EB¥(4) - B{U}" - BE(4)"
is a homotopy fibration.

The idea of the proof is to consider the diagram

EBN(4) — B{Ug} — BE(4)

L |

X —— B{Up}* —— BEA)
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where X is the homotopy theoretic fiber of the map j. Suppose we can verify
that:

(1) EB¥(4) is a connected H-space such that E(4) = m BE(A) acts trivially
on H,(EBN(4)), and

(II) X is a connected H-space.

Note that BE(4)" is simply connected and so its fundamental group acts
trivially on H, (X). Then since the “plus-construction” preserves homology,
the Comparison Theorem for the spectral sequence of a fibration [9] implies
EBN(4) > X is a homology equivalence. Hence it is a homotopy equivalence
by [4, Lemma 6.2). Condition (I) will be established in §2 and §3; (II) will be
shown in §4 by seeing that B{UF}+ — BE(A)" is an H-map and so by the
proof of Theorem 2 of [13] its homotopy fiber is an H-space.

For convenience we state the following lemma of [18, Lemma 3.3]. Let K
denote a partially ordered set and also the corresponding simplicial complex.
Let f: K — P" be a map of partially ordered sets. Thus for each vertex v of X,
f([v) is a facette of R". Now let g: K — P" be any map of sets (not necessarily
order preserving). Give K X I the standard triangulation as a partially ordered
set where I = {0, 1} with 0 < 1. Together f and g define a map

{vertices of K X I} - P"
which does not necessarily preserve order except on K X 0.

LEMMA. There is a triangulation (K X I of the simplicial complex K X I as a
partially ordered set which refines the standard triangulation of K X I leaving
K X 0 unchanged, and there is an order preserving map w: (K X I) = P" of the
vertices of this new triangulation such that

@ wlKx0=f
(b) if v is a vertex of K X 1 in the new and also in the old triangulation, then
w(v) = g(v);

(c) if g: K = P" is order preserving, then K X 1 with the new triangulation is
Just a copy of K;

@) if 0 = (vg < ++- <) is a simplex of the standard triangulation of
KX 1,v is a vertex in o of the new triangulation, and ey(A) lies in U\ for
0 < s <k, then

eu()\) € Uw(u)

2. H-space structure on E2Y(4). In this section we show the direct sum

homomorphism
a0
«28=(5p)
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from E(m,A) X E(n,A) to E(m + n,4) induces an H-space structure on
E®¥(4). Compare [16].

For this it will be convenient to describe facettes F € P" in terms of
partitions of the set {¢;, .. .,e,} of standard dual basis vectors for R". We write

F = X1|X2|"‘|Xr
to mean that F is determined by the conditions

€ —

.J\

=0 ife, e E X,

g@

If n = oo we require that each X, is finite for | < a < r.Letm, n < oo and
let F=X|::+|X,and G = Y|---|Y, lie in P™ and P" respectively. Define

F®G=X| - x|¥j|--|7,

where Y} is obtained from ¥ by adding n to the indices of the ¢; to get a subset
Of {epy1r+++r€men)- 1 F < K and G, < G,, then F;, ® G, < F, ® G,.

We shall let A € P" be the diagonal facette defined by setting all ¢, — ¢;
= 0. There is another stabilization map F — F & A from P™ to P™*" which
1s not quite the same as n repetitions F — F ™) of (*) of §1. However,
F < F®A for all FE€ P™ and if a- Up < 8- Ug, then there is a
commutative square

@d)-U e (n) <(a®1)- (n)
A A
@®1) Uggp <(@®1) Ugga

which shows [12] that the two stabilization maps E,, - E,,,, defined respec-
tively by

a Up—>(@® 1) Uy and a-Up—> (@@ 1) Urgy

are homotopic. Note that the second stabilization does not take the base point
U, of E,, to the base point Uy of E, . However, consider the contractible
complex P™ as embedded in E,, by the correspondence F— Ur. Then
stabilization E,, — E,,,, via F—> F® A takes P™ to P™™ and hence
determines a base point preserving map well defined up to base point
preserving homotopy. From now on in this section we use the second
stabilization.

Ifay- Up, < a - UpinE,and By - Ug, < B + Ug, and E,, then (ay & By)

*Ureg, < (0‘1 ® By) * Upgg, in E,, ThlS gives a map
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x”,’l: Em X E’l - Em+"

which does not preserve base point; but since y, ,(P" X P") C P™™" it does
determine a base point preserving map well defined up to base point
preserving homotopy.

PROPOSITION 2. The diagrams (n > 2)

En x En E2n X Ezn

(**) l’yn, n l12 n,2n

E2n E4n

are commutative up to base point preserving homotopy and give rise to an H-space
structure on EBN (4).

ProOF OF ProOPOSITION 2. The left-hand restriction map ® = vy, ,: E, X U
- E,, is defined by a * Ur = (a ® 1) + Ugg, . The main step will be to show
that @ is homotopic by a base point preserving homotopy to the right-hand

restriction ¥ = y,,: Uy X E, = E,,, which is given by the correspondence
a- Up— (18 a) - Uygp. The two maps E, X E, = E,, of (##) are induced
by the homomorphisms

a 0 0O

0100

0 0 01
and

a 0 00

0 B 0O

0 0 01

The homotopy commutativity of (*#) is obtained by applying essentially the
same argument for & ~ ¥ to the “second and third rows and columns.”
Finally, the y,, are telescoped together to give the H-space structure on
EHN(4). :
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The proof that @ ~ ¥ will be based on the matrix identities
(aO).(a"O _ (10
01 0 a) \O0ay
01'10)=(lm"l ({10 la’!
0 a 01 -al1)°\0 1
.(1—1). 10 .(1—1
01 11 01

together with the following six commutative squares wherein if x, y, and z are
matrices, then x »* ymeansy = x - z:

(5 3)

(6 )— %

@ (5 ‘{-l) . | (s 6-1{1)
@l

Go (- %

oM
e
1
(]
N—

(i)
w ()| | 6
v) (i g)

wid (G 1) |
CERCINCEY

Step 1. Consider the correspondence
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al

0)) “'UF"’(OI)'UFGA'

The commutative square (i) shows this is order preserving and hence defines
a simplicial map @,: E, — E,,. But

so therefore

a0 al
(0 1)' Urea = (0 1)' Urea-
Hence @, = ®.

Step 2. Before applying (ii) a preliminary homotopy of ®, must be made.
Foreach F = X,|X,|-++|X,in P"letA o< F = {e,,,...,e5}| X| %3] -+ - |X,.
If F<G then, Ax F< A x G; and if § € Up, then §® 1 € U,  p.
Hence the correspondence

al

(L5) a.u,a(m)-u“,

preserves order and defines a simplicial map &, 5: E, — E,,. We claim that
®, and P, 5 are homotopic by a base point preserving homotopy: Let g, and
8, be the two order preserving maps from P" to P defined respectively by
8(F) = F® A and g,(F) = A « F. Apply Lemma of §1 to find a subdivi-
sion (P"X I) of P"X I and an order preserving map w: (P" X I) — P¥
satisfying conditions (a) through (d). Now consider the simplicial map
w: E, = P" which takes the vertex a + U to the vertex F. This is nondegener-
ate on simplices. Similarly, if we give E, X and P"X I the standard
triangulations, then the natural simplicial map # X 1: E, X I = P" X I is also
nondegenerate on each simplex. Hence the subdivision (P" X I)' of P* X I
induces a subdivision (E,X ) of E,X 1. Now let 0 = (ag: Ug <---
< U&) be a simplex of E, and let v be a vertex in the standard
triangulation of m(c) X I in P" X I. Then w(v) = F® A or wlv) = A < F
where F is one of the F. Since § @ 1 € Upgy and § ® 1 € U, o f for each
8§ € U, condition (d) of the Lemma shows that§ ® 1 € U,y for any vertex
v of the new triangulation of #(c) X I. Now let u be any vertex in the new
triangulation of ¢ X I and let v = (7 X 1)(u). Define

a1
2= (1) tor

The above remarks show 2(u) is independent of the representative ay of the
class ay + U, and we get a simplicial map Q: (E, X I)’ — E,, which is the
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required homotopy between @, and &, ;.
Now consider the correspondence

y 01
(1.5) a'UF"’(_al)'UAaF-
The commutative square (ii) shows this is order preserving and induces a
simplicial map @} s: E, - E,, such that &] ; = ®, s because (,9) € U, « ¢

for all F € P". Arguing as above, we see that @} is homotopic to the
simplicial map ®,: E, = E,, defined by the correspondence

01
@) a U (S 1) Uren:

Step 3. Consider the map

01
®) a’UF“’(_ao)'UmA'
The square (iii) shows this is order preserving and we get a simplicial map

®,: E, = E,, which agrees with ®, because

la’l n
01 € Upgy forall F € P".

Step 4. Square (iv) shows that the correspondence

01
@ w U= (2 a) Uren
defines an order preserving simplicial map ®,: E, — E,, which agrees with
o,.

Step 5. As in Step 2 it is first necessary to deform @, by a homotopy before
using (v). Recall [18] that if F € P" is of the form F = X;|X,|:--|X,, then
FOF € P¥is defined as

FOF = Xilx|x3%]-|x;/,

where X C {e,, ;. ..,€,} is obtained from X; by adding » to the indices of
thee, € X,. Consnier the two maps g;, g,: {vertlces of P"} = P?" defined by
8 (F) = F® Aand g,(F) = F O F. The map g, is order preserving but 32 is
not! Apply the Lemma of §1 to construct a simplicial map w: (P" x1) — P¥

satisfying (a) through (d). Asin Step 2,leta = (o - U < -+ < &, - Ug) be
a simplex of E, and let v be a vertex in the standard tnangulanon of m{o) X I
inP"x1I Then w(v) = F @ Aorw(v) = F 0O F where Fis one of the F. Now
for each 8 € Up, the matrix (§'7%) lies in Upg, and also in Up f- Hence
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condition (d) of the Lemma shows that (§ '1%) € U,, ) for each vertex v of the
new triangulation of #(o) X I in (P" X I ) For any vertex u in the new
triangulation of ¢ X J in (E, X I')’ let v = (= X 1)(u) and define

0-(2,4) v

Then the preceding remarks show () is independent of the representative aq
of ay - U, and we get a simplicial map Q: (E, X I) —> E,,. Let ¢} = Q|
(E, % 1). For each vertex v of m(c) X 1 in the standard triangulation, the
matrix (} 9) belongs to U, - Hence by (d) of the Lemma this matrix belongs
to Uyy for any vertex v of ('rr(o) X 1)'. Therefore for any vertex u in (6 X 1) we
have

() = (1 ‘) Uy

where v = (7 X 1)(u). See (). Since (§'3%) € Uy, for every 8 € Uy, this
new formula for ®; is independent of the choxce of representative ay of ag + U,
by (v). Since (3'3%) belongs to Upgr and to Uppp for 8 € Ug and
F=F,..., F, we can construct as above a homotopy between @, and
®: E, — E,, defined by the order preserving correspondence

11
a-Up— (0 ) User-
Step 6. Finally (vi) shows that ®; is the same as ¥, which is defined by

10
a- Up— (0 ) Vse Fs

because ({ 7!) lies in each Uyg .

The homotopy between ® and ¥ in Steps 1 through 6 does not keep the base
point fixed. However, it can be deformed to one which does, because
A @ A = A0 A and hence U, is deformed along a path of the form y ¢ y~!
where vy is the path traced out by U, during the first three steps of the
argument. Q.E.D.

3. Action on the fiber. In §1 we saw that there is a homotopy equivalence
0: X - E{a- Ug} = EBN(4) where X is the homotopy fiber of B{Ur)}
= BE(A).

PROPOSITION 3. Under 8 the action of m BE(A) on X can be identified up to
homotopy with left multiplication of E(A4) on E{a - Uy} which, moreover, induces
the identity on H, (E{a - Ug)).
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Proor. If f: K— L is any map we convert it into an actual fibration
X;— E; " L as usual by letting E; be the set of pairs (x,w) where x € K and
wis a path in L with «(1) = f(x). The map =, takes (x, ) to «(0). The fiber X;
consists of those (x, w) for which w(0) = base point of L. Applying this to the
horizontal rows of the pullback square of §! defining Ef{a - Ug} gives the
commutative diagram

pt -G > G
v v v
X; - E; "‘ - EG

m
v v v
X; — E; ™ > BG

Since G is discrete, 7 has the unique path lifting property. This implies E; is
homomorphic to the pullback of m; and #. Hence all the horizontal and vertical
rows are fibrations, X; — X; is a homeomorphism, and X; ~ E; because EG is
contractible. A specific homotopy equivalence 6: X, — E, is defined by
0(x,») = (x,7(1); 7) where 7 is the unique path in EG starting at the base point
and lifting ». Now let y be a fixed loop in BG representing g € m BG. Then

(g - (x,7)) = 0(x,y * ») = (x, 7 %(1); 7% 7)

and

g 0(x,») = g (x,7(1);9) = (x,g - ¥1); g - 7).

It follows using the standard construction as in [6] for the universal cover of
BG that these two maps are homotopic.

It remains to show the correspondence a - Up— ga - Up induces the
identity on H, (E{a - Ug}) = H,(E®¥(4)). Any homology class is supported
in some E, and we can choose n large enough to have g € E(n,A4). In §2 it
was shown that there is a subdivision (E, X I')’ of the standard triangulation
of E, X I such (E,X0) = E, X0 and (E,x 1) = E, X 1 and there is a
simplicial map h: (E, X I)' - E,, having the property that hy = h|E, X 0 is

a'UF-‘)(aQI)'UFGA

and by = h|E, X 1is
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a- UF'—) (] @a) * UA@F'
Hence g - hy: E, = E,, defined by
a: UF"" (ga <] 1) . UFQA
is homotopic to g - h;: E, = E,, defined by
a-Up—= (g®a): Ugr-
Therefore it suffices to show g - h; is homotopic to the map E, — E,, given by

a- UF"') (1 ea) . UA@F'
Since g € E(n, A) is the product of elements lying in the subgroups Up, this
fact is in turn a consequence of several applications of the following: Let
G < G’ in P" and assume g € Ug.. Let x € E(n,A). Then the two maps
E, - E,, defined respectively by

x0
“'UF"’(oa)'UGeF

and

xg 0
“‘UF"’(Q a)'Ua'eF

are homotopic. But this is clear because
x0 x0 xg 0
(0 a)  Uger < (0 a) "User = ( 0 a) " Usor:

4. H-space structure on B{UF}+. In this section we show how direct sum of
matrices gives an H-space structure on B{UF}+.

By a sheaf of spaces over a simplicial complex K we mean a collection
X = {X,}, o = simplex of K, together with connecting maps i, : X, = X; for
o < 7such that i, o i_ = i, whenever 6 < 7 < y. The realization |X| of X
is the disjoint union [],cx o X X, modulo the identification setting (x,y)
= (x,y)if x=x"and y =i,(y)fory € X,y € X,, and 0 < 7. Any
simplicial subdivision K’ of K induces a subdivision X’ of X as follows: For 7
a simplex of K’ let X; = X, where ¢ is the smallest simplex of X containing 7.
If r < 7 and o, o are the smallest simplices of K containing 7, 7’ respectively,
then ¢ < o’ and we let i, = i ;. The natural map |X’| = |X| is a homeo-
morphism. Define X X I to be the sheaf of spaces over K X I by setting
(X X I), = X, where o is the smallest simplex of K such that 7 C o X 1. The
space B, is clearly the realization of a sheaf of spaces of the form BUr over P".
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The direct sum homomorphism & from E(m,4) X E(n,A) = E(m + n,A)
gives a family of compatible homomorphisms

®: Up X Us = Ureg
and hence a family of compatible maps
®: BUp X BUg = BUggg
which fit ‘together to give maps

Pon’ B,XB,— B

m+n*

By the universal property of the “plus construction” we get base point
preserving maps

p;'n: B} x Bf > B} ..
A word about base points: The complex P" can be embedded in B, by sending
x € 0= (F <--+ < K)o (x, base point of BUg). The base point * of B,
is (4, base point of BU,). The map p,, , does not preserve the base point but
Pua(P™ X P") C P™". Hence p,, , determines a base point preserving map
p:, . defined up to base point preserving homotopy. Also, the stabilization map
B, — B,, given by BUr —> BUgg, is not the standard inclusion B, < B,,
which is given by BUp — BUgq. However, F ™ < F®A for all F € P"
implies these two maps are homotopic up to a base point preserving
homotopy; so from now on we use the stabilization induced by F — F @ A.

PROPOSITION 4. For n > 3 the diagrams
By xBy —— B, x B},

+ +
lpn,n lpznﬂn

+ » pt
BZn o B4n

are homotopy commutative and give rise to an H-space structure on B{U,;-}+ in
such a way that B{U,,-}+ — BE(A)" is an H-map.

REMARK. It follows immediately from [13] that the homotopy theoretic fiber
X of B{Us}" - BE(4)" is a connected H-space as required by (II) of §1.

PROOF OF PROPOSITION 4. The restriction map ® = p, ,: By X * = B3,
comes from the inclusion B, — B,, induced by the stabilization homomor-
phism
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#@ = (5%) € Uras-

The essential step in the proof is to show that the restriction map
—_ . + +
\I’—p”,n.‘XBn“)an

is homotopic to ® by a base point preserving homotopy. Note that ¥ is
induced by the homomorphism

) = (o0)
satisfying Y(Ur) C U,gf for each F € P". By the universal property of the
“plus construction” it suffices to show
(1) For n > 3 the maps ®, ¥: B, - B;, are homotopic by a base point
preserving homotopy.
In fact B, is simply connected for 2 < n so it suffices to show ® and ¥ are
homotopic as maps into B,,. To prove this we shall use the following matrix

O E-ETE)
CE(5D - (29

Step 1. Consider the homomorphism ¢, : E(n,4) = E(2n,A) given by

1-1\/a0\/11 aa-—1
¢1(0) = (o I )(o 1)(0 1) = (o 1 )
For each F € P" the matrix (} 7') € Uggy; 50 ¢,(Ur) C Uggy, - The induced
maps BUr — BUprg, fit together to give a map ®,: B, — B,,. The construc-
tion of [12] gives a specific homotopy Hg: BUg X I — BUgg, for each facette
F € P" between the maps induced by the conjugate homomorphisms ¢ and
¢, such that Hy.|BUp X I = Hpwhenever F < F'. Hence these homotopies fit
together to give a homotopy H: B, X I = B,, from ® to &, .

Step 2. Let f, g: P* = P?" be defined by f(F) = F® A and g(F) = F
0O F. The map f preserves order but g does not. Apply the lemma of §1 to find
an order preserving map w: (P" X I) = P?" of some subdivision of the
standard triangulation of P" X I satisfying (a) through (d). This subdivision
induces a subdivision (B, X I)" of B, X I. Consider a simplex ¢ = (Fy < *+-
< E,)in P" and let v be any vertex of a simplex in the standard triangulation
of 0 X I. Then w(v) = F @ A or w(v) = F O F where F is one of the facettes
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" F. The formula for ¢; shows that %(U& ) C Uy, and hence by (d) the same
inclusion holds for any vertex v of (o X I')". This yields homotopy Q: (B, X I
— B,, between ®, and the map ®{: (B, X 1)’ = B,, defined as the restriction
~of Q to (B,x1). Now for F € P" the matrix (}) belongs to Upp f-
Applying (d) of the lemma shows that (}{) € Uy, for any vertex v of
(P"x 1). Let ¢,: E(n,A) = E(2n, A) be defined by

@ = (1) 1)) =("")

and let @) be the induced map. More precisely, if v is a vertex of (P" X 1), let
0 = (Fy < --+ < F,) be the smallest simplex of P" X 1 such that v € ¢. Then
¢2(U1'b ) C Uy,(y) so there is an induced map BUg, = BU,,). These fit together
to give ®;. Since (}9) € U,y for any vertex v of (P" X 1), the conjugate
homomorphisms ¢, and ¢, give rise to homotopic maps ®} and ®;.

Now let f, g: P" — P? be defined by f(F) = FO Fand g(F) = A @ F.
The map g preserves order but f does not. Use the lemma to construct a
homotopy w: (P" X I) - P?" satisfying (a) through (d). Again let ¢ = (K
< +++ < F) be a simplex of P"X 1 >~ P" and let v be a vertex in the
standard triangulation. Then w(v) = F O F or w(v) = A & F where F is one
of the F. The formula for ¢, shows that ¢2(U,3 ) C Uy and hence by (d) the
same is true for any vertex v of (6 X ). As above there is a homotopy between
®; and ®,: B, — B,, which, by definition, is obtained by fitting together the
maps BUr & BU,q induced by ¢,.

Step 3. Let ¢5: E(n,A) = E(2n, A) be defined by

@ =(07)(o"<")o1) - (o2)

Note that ¢; = ¢. Since ({}') € Uygf for all F € P" we get a homotopy
between @, and ¥ as in Step 1.

To show the homotopy commutativity of the diagram in Proposition 4 one
applies essentially the same arguments as above to the second and third rows
and columns of the homomorphisms (a) and (b) of §2.

Finally, the maps p, ,: By X By — Bj, telescope together to give the H-
space structure on B(UF}+. That B{UF}" — BE(A)" is an H-map follows
immediately from the fact that the H-space structure on BE(4)" arises from
the direct sum maps

BE(n,A) X BE(n,A) = BE(2n,A)

and that we have a strictly commutative diagram
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Bn X Bn :B2n

l

BE(n, A) x BE(n, A) — BE(2n, A)

which commutes up to base point preserving homotopy when the “plus
construction” is performed. Q.E.D.
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